Two spherical bubbles with changing radii are considered to be moving in ideal fluid along their center-line. The exact expression for the fluid kinetic energy is obtained. The Stokes stream function is expanded in Gegenbauer polynomials in bispherical coordinates. This expansion is used to obtain the exact series for the fluid kinetic energy quadratic form coefficients. The new series are confirmed to be correct by comparison with the known ones. The main advantage of the new kinetic energy form is the possibility to obtain asymptotic expansions at small separation distance between the bubbles. These expansions are obtained and their convergence is analyzed. The results of this work can be used to describe the bubbles approach before the contact and their coalescence in acoustic field.
I. INTRODUCTION
The problem of interaction of two spherical gas bubbles in fluid in an acoustic field is the object of study of numerous theoretical and practical works, starting with Bjerknes's works in the 19th century [1] . This problem is being considered in many contemporary works [2] [3] [4] [5] . Bjerknes determined that the interaction force between two pulsating spheres, the distance between which is rather large, is inversely proportional to the square of the distance between the spheres. This dependence was proved experimentally in [6, 7] . However, both in theoretical [3, 8] and experimental works [4, [9] [10] [11] demonstrated the inapplicability of this dependence near the contact. It should be found from the solution of two pulsating spheres problem in the exact formulation.
The generalized Lagrange coordinates proved to be convenient to study the problem of interaction of two gas bubbles in an acoustic field. The main summand of the Lagrange function is the kinetic energy. The kinetic energy may be calculated in terms of the following parameters: sphere radii, their change rate in time, the distance between the spheres' centers and the centers' velocities.
To construct the exact expression for the kinetic energy, there exist two methods, considered most effective. The first is the reflection method, which was developed by Hicks in the classic work [12] . He built the exact solution for the motion of two solid spheres along their centerlines. The kinetic energy is the quadratic form of the centers' velocities. For the coefficients, Hicks obtained series that converge absolutely for any values of the geometric parameters of the problem and are very useful for calculating the coefficients with any required accuracy. Using these series, Voinov [13] found the three term asymptotic expansion of coefficients at small separation distance.
The second method for solving this problem was suggested by Neumann in [14] . He expressed the velocity potential in bispherical coordinates. He obtained the same series as Hicks for the kinetic energy coefficients. Neumann also transformed these series to another form. Rasziilier et al. [16] used the second form of Neumann series to construct the asymptotic expansion at small separation distance. Bentwich and Miloh [17] obtained the second form of Neumann series, solving the problem in bispherical coordinates for the Stokes stream function by Jeffrey's method [18] .
For the first time, the exact solution for the problem with variable radii was obtained by Voinov in [19] using Hicks's reflection method [12, 20, 21] . Although Selby [22] found earlier the approximated kinetic energy using several reflections. Besides three Hicks's coefficients, the quadratic form contains seven additional coefficients, which Voinov presented in the form of series, similar to Hicks's series [19, 23, 24] . In some cases, Voinov suggested a method for determining the first coefficients of asymptotic series [13, 19] . Developing Voinov's ideas, in [25] three-terms asymptotic expansions at small separation distance were found for all of the ten coefficients.
There also exists a series of works, in which the exact solution is constructed by the inverse powers of the distance between sphere centers r. Such solutions have a more complex form and their applicability at small separation distances is questionable. In [26] and [27] the kinetic energy is found up to r −3 . In [29] the velocity potential expansion up to r −4 apparently contains errors which were noticed in [3] . In [28] the solution is built with accuracy r −5 . In [3] a solution is presented for which can be shown that the accuracy does not exceed r −6 .
In recent works [30, 31] , based on [32] , the interaction of two bubbles of varying radii with fixed centers was considered. The coefficients of the kinetic energy differ from the exact ones. This difference is explained by the rough assumption that the velocity potential is constant on the sphere surface. This inaccuracy does not influence the main asymptotics of the secondary Bjerknes force for large distances between the spheres centers.
Thus, currently there is no precise asymptotic expansion for the fluid kinetic energy for bubbles near the contact. Such an expansion is necessary for describing the process of bubbles approach and the analysis of possibility of their coalescence. In this work two spherical bubbles with changing radii, moving along their centerline, are considered and the asymptotic expansion by a small separation distance for the fluid kinetic energy is obtained.
The convergence of the asymptotic expansion is studied.
II. KINETIC ENERGY

A. Problem formulation
We consider the problem of finding the kinetic energy of potential axially symmetric flow in infinite incompressible fluid of density ρ l . The fluid flow is caused by two spheres of radii R 1 , R 2 changing with velocitiesṘ 1 ,Ṙ 2 . The centers of spheres are situated on axis z at z 1 , z 2 , (z 1 > z 2 ). They move with velocities u 1 = −ż 1 , u 2 =ż 2 directed towards each other ( Fig.1 ). The distance between the spheres centers is r = z 1 − z 2 , the distance between the spheres surfaces is h = r − R 1 − R 2 . The goal of this work is to find the analytic dependence of the kinetic energy T (R 1 , R 2 , r, u 1 , u 2 ,Ṙ 1 ,Ṙ 2 ). With such choice of arguments, the kinetic energy is symmetric with respect to the substricts 1 and 2 permutation. (1) The equation for the stream function ψ has the following form [33] ∂ ∂ρ
Bispherical coordinates
It is convenient to consider the bispherical coordinates (ξ, ζ, θ)
Then the surface of the first sphere of radius R 1 is given by the following equation
the surface of the second bubble of radius R 2 is given by
and
Thus, we determine the spheres surfaces with the help of parameters τ 1 , τ 2 and c, which can be expressed through R 1 , R 2 and small separation distance h
C. Stream function
To find the stream function, we write down the potential flow equation (2) in bispheric coordinates [18] ∂ ∂ξ
The stream function can be presented as follows [18] 
where C −1/2 n (µ) are the Gegenbauer polynomials, µ = cos ζ (it is sometimes convenient to use this substitution). The Gegenbauer polynomials can be obtained from the following recurrent relation [34] nC −1/2
The coefficients α n , β n can be obtained from boundary conditions on spheres surfaces for ξ = τ 1 and ξ = −τ 2 . They may be written as follows
Integrating both boundary conditions by ζ and choosing the integration constants so that on the symmetry axis the velocity is parallel to this axis, the following relations are obtained
Substituting the general expression for current function (9) in the boundary conditions, the following system is obtained
To find the coefficients α n , β n , we expand the right sides of equations in Gegenbauer polynomials, using (Appendix A)
1
After substituting (14) (15) (16) in (13) we get the final expression for the stream function
D. Kinetic energy
The kinetic energy is expressed through the integral of v 2 on the domain outside two
It can be rewritten as follows 
Integrating by θ, we obtain that
Taking into account the potentiality of flow (8), we get the following
Using this equality and Green's formula, the kinetic energy can be found as follows [17] 
Note that in the case of constant radii spheres, the stream function equals zero on the symmetry axis (see [17] ). Thus, in this case the first integral equals zero.
In the case considered in this paper, the spheres radii are variable, thus the first integral should be preserved. Indeed, taking into account that C (cos ζ) = − cos ζ, we obtain that
Taking into consideration that dC −1/2 n (µ) dµ = −1 as µ = 1 and dC −1/2 n (µ) dµ = (−1) n as µ = −1 for n ≥ 1, finding the first integral of (22) is easy. The second integral may be found by substituting ψ into the boundary conditions (12) , ψ ′ ξ is found using (9) and calculating the necessary integrals (see Appendix B).
After some transformations (see Appendix C), we simplify the formulas of kinetic energy
where S n (x) = e (2n−1)x −(2n−1) sinh x−cosh x sinh 2 x , and the coefficients A 2 , C 21 , C 22 and D 2 are obtained by permuting subscripts 1 and 2 in formulas for A 1 , C 12 , C 11 , D 1 . Moreover, the series (24) may be expressed through the initial parameters R 1 , R 2 , r, using the following substitutions
E. Hicks and Voinov series
In case of solid spheres, the exact expression of kinetic energy was first found by Hicks in [12] , using the reflection method. It is described in Lamb's monography [33] . O.V. Voinov developed Hicks's method for the case of varying radii. The kinetic energy coefficients, found by Hicks, have the following form
Voinov obtained the rest of the coefficients (detailed derivation can be found in [8] ))
where A i j , B i j can be found from the recurrent formulas
with initial conditions
These series are expressed through parameters R 1 , R 2 , r. For r > R 1 + R 2 the series converge as geometric progression. In case of contact r = R 1 + R 2 they converge as power series (1/n 3 ). However, the derivates of these series, which are necessary for calculating the forces, diverge when approaching contact. But series (24) allow one to obtain the expansion in the small parameter h. The derivatives of these expansions contain a logarithmic singularity. The asymptotic expansion of the interaction force, obtained from series (24), allows the analytical study of bubbles approach up to the contact point.
F. Comparison of kinetic energy expression
Although the Hicks (26) and Voinov (27) series seem to differ from series (24), they are identical. This fact is shown in Appendix D, which verifies both results. In [3] the kinetic energy is found as infinite sums by the inverse powers of r. The comparison with the exact solution shows that summands up to r −6 coincide, but the following ones don't (see Appendix E).
III. ASYMPTOTIC EXPANSION
A. Asymptotic expansion at small separation distance
To obtain the asymptotic expansion of fluid kinetic energy at small separation distance, we use the method described in Raszillier et al. [15] (for spheres of equal radii), Raszillier et al. [16] (for arbitrary radii). In these works the method for solid spheres is presented, that is, for coefficients A 1 , A 2 , B. We propose a development of this method for the case of variable radii, i.e. for the other seven coefficients.
We rewrite the coefficient
as follows
Substituting under the sign of sum the Mellin transform
where ζ(s, a) = ∞ n=0 1 (n+a) s is the Hurwitz zeta function, Γ(s) is the gamma function, a new expression is obtained
where
This integral is calculated by using the residue theorem. We should find the poles of the integrated function. They are located in points 3, 1, −1, . . . and determine the order of the asymptotic expansion terms. The residue in the first point determines the main expansion coefficient, in the second point -the next one, etc. Considering the residues in 3, 1, −1, . . . , −2l + 1, we obtain that [16]
where ψ(x) = Γ ′ (x)/Γ(x) is the digamma function, the residue term is
Similarly, for B Raszillier et al. [16] obtained
where r 2l−1
B
is defined analogically to r 2l−1 A 1 . Let us provide the asymptotic expansion of the other coefficients
where γ is the Euler-Mascheroni constant,
For coefficients D 1 , E the proof of the asymptotic expansion is much more complicated.
It may be found in Appendix F. A 2 , C 22 , C 21 , D 2 can be found using subscript permutation.
B. Comparison of the asymptotic expansion
Raszillier et.al. [16] compared the asymptotic expansion of kinetic energy with the three term expansion, obtained by Voinov [13] for two spheres of constant radii and proved that they fully coincide. One may also compare the asymptotic expansions of kinetic energy, obtained above with the three term expansion from [25] . They fully coincide (see Appendix G).
C. Estimation of the residue term
By Poincare [34] , the divergent series X = m n=0 X n (ε) + R m X (ε) is said to be an asymptotic expansion if lim ε→0 R m X Xm = 0. For example, let us consider the expansion of A 1 (33) . We present it as follows
Let us prove that lim
For the expression
in [16] the following estimate was obtained
Also note that
It turns out that one may also prove that
We substitute
and obtain that lim
and, thus, prove that the expansion of A 1 is asymptotic. The series diverges for any τ 1 + τ 2 > 0 and for numerical calculations we must consider only a finite number of series terms.
As noted in [35] , it is reasonable to truncate the sum of the asymptotic series at m = η,
where η can be found from the following equation
Let us estimate the dependence of x m A 1 for large values of m. Taking into consideration the equality
and Hurwitz's formula [36] ζ
ζ(−m, a) may be approximated for large m and for 0 ≤ a ≤ 2 as follows
and, thus, x m A 1 may be estimated as
.
(50)
Considering formula (7), at small separation distance we obtain that η ∼ 2π 2 √ 2h/p . Analogically, we calculate the values of η for all the other coefficients. With such choice of η the error is of order e −η . This estimate is confirmed by numerous numerical calculations.
D. Expansion in h at small separation distance
In practice it is more convenient to use instead of parameter τ 1 +τ 2 the separation distance h. Then the kinetic energy coefficients' expansion is 
We need to find 6 pairs of functions f X (h) and g X (h) for the coefficients A 1 ,B,C 11 ,C 12 , D 1 ,E, thus, in total, 12 functions. For the rest of the coefficients functions f X (h) and g X (h) are obtained by subscript permutation.
Note that the number of independent functions may be reduced to 10. To support this statement, let us prove that functions g X (h) coincide for coefficients X = {A 1 , B} and for coefficients X = {C 11 , C 21 }.
Indeed, (33) and (35) imply that coefficients g A 1 , g B are obtained from the term
where τ 1 + τ 2 should be expressed through h. Coefficients g C 11 , g C 21 are obtained similarly from
Functions f X (h) and g X (h) can be expanded by powers of h. Sufficient accuracy is achieved by the following cubic polynomial
One can show that up to subscript permutation, the logarithmic singularity is determined by four polynomials. The first three coefficients of these polynomials are presented in table I.
The polynomials f X (h) are more lengthy. Thus, it is more convenient to give the numerical values of coefficients of polynomials f X (h) for given radii ratio. They are given in tables II-IV for radii ratio R 2 /R 1 = {1, 3, 10} accordingly.
In Figs. 2a and 3a is presented a comparison of coefficients A 1 and D 1 calculated exactly (solid lines) with their approximations by polynomials of first (dash), second(dash dot) and Table II : Numerical values f 0 X , f 1 X , f 2 X , f 3 X for the kinetic energy coefficients at R 2 /R 1 = 1 Table III : Numerical values f 0 X , f 1 X , f 2 X , f 3 X for the kinetic energy coefficients at R 2 /R 1 = 3 Table IV : Numerical values f 0 X , f 1 X , f 2 X , f 3 X for the kinetic energy coefficients at R 2 /R 1 = 10 third (short dash) orders. For their derivatives a comparison is shown in Fig. 2b and 3b . As shown in the pictures, the increase of the polynomial degree gives a considerable increase of accuracy. 
E. Hydrodynamic force
The hydrodynamic force, acting upon a sphere, is determined by the Lagrange formula
With the help of this formula and kinetic energy coefficients asymptotic expansions, one may get the expansion of the force at small separation distance with any accuracy by h.
The main hydrodynamic force asymptotic at small separation distance is [37]
whereḣ = − (u 1 + u 2 +Ṙ 1 +Ṙ 2 ). This logarithmic singularity can hardly be obtained if one presents the kinetic energy as a finite series by the inverse powers of the distance between the bubbles' centers r.
In [38] for a dilating sphere such that R = βt 1/2 , which is in contact with a plane, it was obtained that the attraction force is F = 0.29πβ 4 ρ l . This result agrees with the one obtained using asymptotic expansion, suggested in this work F = 0.288954πβ 4 ρ l .
IV. CONCLUSION
The exact expression for the stream function was obtained for two spheres of variable radii moving in fluid. It generalizes the stream function approach used by Bentwich and
Miloh for solid spheres. Using the stream function found, a new formula for the fluid kinetic energy is derived, in which the coefficients of the quadratic form are presented as infinite series. It is shown that these series coincide with Hicks's and Voinov's series. The advantage of these new series is allowing the expansion by a small separation distance instead of the usually used distance between bubbles' centers. Using the new formula for the kinetic energy, the asymptotic expansions of the kinetic energy coefficients at small separation distance are found. The expansion is proved to be accurate up to the exponentially small residue term.
The asymptotics found are necessary for describing the dynamics of spherical bubbles at small separation distance, and can be used for the analysis of their possible coalescence (for example, under acoustic influence)
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Appendix A: Functions expansion in Gegenbauer polynomials
To solve the boundary problem (8) and (11) , we suggest to expand the left-hand sides of (14), (15) and (16) in Gegenbauer polynomials. We use the following definition of Gegenbauer polynomials through the generation function [34] 1
Differentiating by τ , we obtain the following expression for (15) 1
To obtain (16) , we substitute ν = 1 2 in (A1) and differentiate by µ
x n dC
As C ν 0 (µ) = 1 , we convert (A4) into
We need to express
. As the following equality
holds, for ν = − 1 2 we obtain
Further, taking into account the Gegenbauer differential equation [34] (
for ν = − 1 2 we get that
Multiplying (A5) by 1 − µ 2 and considering (A7) and (A9), we obtain
x n−2 n(n − 1)C −1/2 n (µ).
From hereon, we start to sum from 0 instead of 2, as for n = 0 and n = 1 the elements of the sum equal zero. Substituting x = e −τ , τ > 0, we obtain (16)
Appendix B: Integrals
To calculate the second integral in (22) , we substitute in function ψ the boundary conditions (12) , ψ ′ ξ is found from (9) . We expand the brackets and get six integrals, for which if ξ > 0, n ≥ 2 the following expressions hold
e −(n−1/2)ξ
If we integrate the terms for n = 0 and n = 1 , we get diverging integrals. Thus, instead of bracket expansion, we integrate the sum of two terms of the series
Appendix C: Transformations of kinetic energy coefficients
For the coefficients B, C 11 , C 12 and D 1 after integration along the contour (22) we obtain formulas as in (24) . But for coefficients A 1 and E the following equalities were used.
After integration (22) A 1 has the following form
we obtained for A 1 the following equality
After integration (22) E has the following form
Taking into account the forms of A 1 , B, C 11 , C 12 and D 1 , and symmetry considerations, we study the difference
This infinite sum may be calculated as follows
and we obtain the same form as in (24) .
Appendix D: Coefficients' identity
According to [8, 12, 13, 19] , the kinetic energy can be presented as follows
where A i j , B i j can be found using recurrent equations [13] 
with initial conditions A i 0 = 1, B i 0 = 0. These recurrent equations can be solved as follows [13] A
where f is the root of
It turns out that f can be expressed through τ 1 and τ 2 as f = e −(τ 1 +τ 2 ) . Denote q i = e −τ i .
Then for A i j , B i j we obtain the following equalities
Thus, we obtained the same form for A 1 , A 2 , B, as the one presented by Hicks [12] .
According to the algorithm from [14] , we transform the kinetic energy coefficients as follows (taking into account that c = R 1 sinh τ 1 = R 2 sinh τ 2 ):
Analogically, for B we get that
Coefficient C 11 can be transformed as follows
Analogically, for C 12 we obtain that
The coefficient D 1 can be transformed as follows
Analogically, for E we get
Thus, we prove that series (24) coincide with Hicks's series (26) and Voinov's series (27) .
Appendix E: Expansion of kinetic energy coefficients by inverse powers r
To compare the kinetic energy coefficients (24) with the ones in [3] series (24) are considered in the inverse powers of r up to o(r −10 ): 
These expansions coincide with the corresponding expansions from [22] .
The kinetic energy in [3] is presented in the following form (E3)
Note that the coefficients in [3] coincide with the exact coefficients up to r −6 .
Appendix F: Asymptotic expansion of coefficients D 1 , E
To obtain asymptotic expansions at small separation distance, in (24) we open the brackets for the corresponding coefficients D 1 , E. Using the method described in [16] , we obtain that 
Moreover, function 
Taking into account this recurrent equation, and the facts that H(0) = 1/4 and H(1) = 3/4 − ln 2, we obtain that
After calculating the residue, for D 1 , E we get
− sinh(τ 2 )ζ(s, 1 + λ 2 )G(k + 1) + sinh(τ 1 + τ 2 )ζ(s, 2)G(k + 1) 
where α i = R i /(R 1 + R 2 ), p = R 1 R 2 /(R 1 + R 2 ). 1 n − n(n + 1)(n − 1 + 3α 2 ) (n + α 2 ) 4 , 
1 n + 1 1 − n(n + 1) α 1 α 2 ln 1 + α 1 α 2 n(n + 1)
− 1 6(n + 1) + n 2 − 1 + 3α 1 α 2 3(n + 1)α 1 α 2 1 − n(n + 1) α 1 α 2 ln 1 + α 1 α 2 n(n + 1) .
(G12)
The equality of expansions can be verified numerically or analytically. The equalities for A 1 , B were shown in [16] . C 11 , C 12 can be calculated. For D 1 , E the situation is more complicated. To obtain the equality for D 1 , we use the already mentioned algorithm [14] to convert the sum (G14)
The double sums obtained must be calculated first by n, and then by j.
